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Let A,B be finite sets in I~ d with IAI =rn_< 1t31 =n,  and assume that there is no hyperplane 
containing both a translation of A and a translation of B. Under this condition it is proved that 
the number of distinct vectors in the form {a--b:aCA, bE/3} is at least n+dm-d(d+l)/2.  This 
generalizes results of Freiman (case A = B) and Freiman, Heppes, Uhrin (case A = -/3). A more 
complicated estimate is also given which yields the exact bound for all n > 2d. 

1. Introduction 

Let A, B be finite sets in ]R d. We want  to find es t imates  for the card ina l i ty  of 
their  algebraic sum 

A +  B -- { a +  b : a c A,b  E B}.  

Write  IAI = m, IBI = n. In  general  no th ing  more t h a n  the obvious IA + B I > 
re+n-1  can be asserted, which holds with equal i ty  if bo th  A and B are ar i thmet ica l  
progressions wi th  a common difference. However, be t t e r  es t imates  are possible if we 
assume tha t  our sets are proper d-dimensional, by which we mean  tha t  they are not  
conta ined  in a hyperplane  of lower dimension.  (Here we use the t e rm  "hyperplane" 
to denote  a t r ans la t ion  of a subspacel this is sometimes called an affine hyperplane  
or an  affine subspace.) More exactly, define the dimension d i m A  of a set A C ]R d 
as the d imens ion  of the smallest  hyperplane  con ta in ing  A. P u t  

(1.1) F d ( m , n ) = m i n { I A + B l :  I A I - - m ,  IBI = n ,  d i m ( A + B ) = d } ,  

(1.2) FJ(m,n )  = m i n { I d  + BI : Idl = m ,  IB I = n,  d i m B  = d } ,  

(1.3) F~P(m,n) - - - -min{Id+BI:  IAI = m ,  IB I = n ,  d i m A = d i m B = d } .  

F d is defined for m + n > d §  F~ for n > d + l  and FIr for m>d+l,n>>_d+l.  F d and  
- -  - -  d 

F tl d are obviously symmetr ic ,  while F~ may no~ be (and, in fact, I Can show tha t  for 
cer ta in  values of m, n it is not) ,  and  they are connected by the obvious inequMities 

Fd(m,n)  <- <- d~ , F (m,n) n). 
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Now define another function G d as follows: 

m--1  

(1.4) Gd(m , n ) = n +  ~ m i n ( d , n - j ) ,  n > m _ >  1 
j = l  

and for m > n extend it symmetrically, putting Gd(m,n ) = Gd(n,m). In other 
words, if n -  m > d, then we have 

(1.5) Gd(m , n) = n + d(m - 1). 

If O<_t - -n -m<d ,  then for n > d  we have 

(1.6) Gd(m,n)  = n + d ( m - 1 ) - ( d  - t ) ( d - t  - 1) = n ( d + l )  d(d+ 1) t ( t §  1) 
2 2 2 ' 

and for n _  d 

( m -  1 ) ( 2 n -  m) 
(1.7) ad( , n) = n + 

2 

(1.5 7) are bet ter  for calculating Gd, but some properties will follow easier from 
(1.4). 

Our main result is the following. 

Theorem 1. F o r  all positive integers m, n and d satisfying m + n > d + 2 we ~lave 

(1.8) Fd(m , n) > a~(m, n). 

Corollary 1.1. I f A ,  B c R  d, IAI ~ IBI and d i m ( A + B ) = d ,  then w e  /lave 

d(d + 1) 
(1.9) Id + BI > IBI + diAl 2 

Two important  cases have been studied previously. Freiman [1, 2, section 1.14] 
proved (1.9) in the case A = B. An easy example shows that  (1.9) gives the exact 
bound. Freiman, Heppes and Uhrin [3] proved (1.9) for B = - A .  However, this 
bound is probably not exact, except the cases d =  1 and 2. My conjecture is 

, A - A , > >  (2d - 2 + 2 ) m - Cd 

for d_>4 and I A - A I  >_4.5m-C for d=3 .  
We also show that  Theorem 1 gives the correct value for all but a finite number 

of pairs (re,n) for a fixed d. 

Theorem 2. Assume 1 < m < n. We have 

Fd(m , n) = F~(m, n) = ad (m  , n). (1.10) 

unless either n < d + l  or m G n-- m G d (in this case n < 2d). 

The behaviour of F d for a few small values, the behaviour of F~(m, n) for m > n 
and F~ ~ remain to be described. 
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2. The  lower es t imate  

Here we prove Theorem 1. 

Lemma 2.1. Let 2 < m <_ n, m 
inequalities holds: 

(2.1) Fd(m,n ) 
(2.2) Fd(-~,~) 
(2.3) Fd(m,n ) 
(2.4) Fd(m,n ) 

+ n >>_ d + 2, d >_ 2. At  /east one of the following 

> d +  1 + F d ( m  - 1 , ~ -  1), 

> n +  F d - l ( m  -- 1 ,n  - 1), 

>_n+ F d _ l ( m - -  l , n ) ,  

> m + F d _ l ( m , n - - 1 ) .  

In the extremal  case when m + n = d + 2 ,  (2.1) and (2.2) are not defined, thus 
either (2.3) or (2.4) must hold. If  m + n = d + 3 ,  then (2.1) cannot hold. 

We use (x, y) to denote the scalar product  and 0 = (0, . . . ,  0) for the nullvector. 
Proof. Take two sets A,B  with [A I = m ,  IBI = n ,  IA+B] =Fd(m,n ). Take an e E R  d 
such tha t  all the scalar products (e, x), x E A U B are different. Let 

m i n { ( e , a ) : a � 9  a0), m i n { ( e , b ) : b � 9  b0). 

We may assume that  a0=b0 = 0  (this can be achieved by a shift). Write 

A = { 0 } u A ' ,  B = { 0 } U B ' .  

We know (e, x) > 0 for all x �9 A' U B' .  This yields that  0 r At + B '  which we shall 
need later. 

First case. dim(A'  + /3 ' )  = d. (This can happen only if m + n > d + 4.) Write C = 
(AtUBt) \ (At+B') .  Obviously A+B=(A '+Bt ) O C U { O } ,  a disjoint union, hence 

(2.5) Id + BI = IA' + B'I + ICl + 1. 

We claim that  every element of A + B is a finite sum of certain elements of C. 
For 0 we admit  the empty  sum. Next take any s �9 A + B, s r 0. Consider the 
representations of s in the form 

8 : X l  -}- . . .  -}- x k ,  xj E A + B, xj r O 

(there is at least one, the trivial representation s = s with k = 1). Since min{(e,x) :  
x �9 AUB, x # 0} is a positive number c by the choice of e, the number of summands 
in such a representation is limited by (e,s)/c. Now take a representation with the 
maximal  possible k. I f x j  � 9  for some j ,  say xj = u + v ,  u � 9  v � 9  
then replacing xj by the two vectors u and v we get a longer representation. This 
contradiction shows that  all xj E C in the maximal  representation. Since A + B is 
d dimensional, we must have IV] > d, thus (2.5) yields (2.1). 

Second case. dim(At + B ' )  < d. This means that  there is a nontrivial subspace Q 
of ]I;[ d such tha t  A ' +  B t C  Q + p  with some vector p. This implies that  for suitable 
vectors q and r, orthogonal to Q, we have 

X c Q + q ,  B t c Q + r .  
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Assume that  we have chosen the minimal Q; its dimension may be d - 1  or d - 2 .  
At least one of q, r must be different from 0, since otherwise A + B would be 

contained in Q. We distinguish three subcases. 
If d i m Q = d - 2 ,  then q and r must be linearly independent. We have 

(2.6) A + B = B U (A' + B), 

a disjoint union, since B c Q u ( Q + r )  and A ' + B c  ( Q + p ) u ( Q + q + r ) .  Since A ' + B  
must have dimension d - 1  (otherwise by (2.6), A + B  would have a dimension < d), 
this leads to (2.3). 

If d i m Q = d - 1  and q r  then we use the inclusion 

A + B D {0} U B '  U (A' + B ' ) ,  

a disjoint union since B / C Q + r and A r + B I C Q + q + r while 0 belongs to neither. 
This implies (2.2). 

Finally, if dim Q = d -  1 and q = 0, then r r 0 and we use the decomposition 

A + B = A u (A + B' ) .  

Here A C Q  and A + B I C Q + r ,  thus they are disjoint and we obtain (2.4). | 

P roof  of Theorem 1. We establish (1.8) by a double induction on d and m + n .  For 
d =  1 it reduces to the obvious inequality IA+BI >_re+n-1 .  Assume now that  d>_ 
2 and (1.8) holds for d - l ,  and also tha t  it holds for d for all pairs m l , n  t such that  
m l + n  f < m + n  (such pairs do not exist in the extremal case m + n = d + 2 ,  so then 
this assumption is empty).  We establish (1.8) for d ,m,n .  

From the previous Lemma and the induction hypothesis we infer that  at least 
one of the following inequalities holds: 

(2.7) 
(2.8) 
(2.9) Fd(m,n) 
(2.10) Fd(m,n ) 

>_ d + 1 + G d ( m -  1 , n -  1), 

> n + G d _ l ( m -  l , n - 1  ), 

> n~-  G d _ l ( m  -- 1 , n ) ,  

>_ m + G d _ l ( m , n - - 1 ) .  

If r e + n =  d + 2  or d + 3 ,  then we can exclude (2.7) or (2.8), but we shall not use 
this extra information. 

We show that  all the right sides here are _> Gd(m,n) .  We use the definition 
(1.4). Separating the case j = 1 and then replacing j by j + 1 we find 

m--1 

Gd(m, n) = n + min(d, n - 1) + ~ min(d, n - j )  
j = 2  

m--2 

= n + m i n ( d , n - 1 ) +  ~ m i n ( d , ( n - 1 ) - j )  
j = l  

= Gd(m -- 1, n -- 1) + min(d + 1, n) < Gd(m - 1, n - 1) + d + 1, 

which works for (2.7). 
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In case (2.8), we wr i t e  the  def ini t ions  for Gd(m,n  ) and G d ,  l ( m - l , n - 1  ) and  
subs t r ac t :  

a d ( , ~ ,  n ) -- a d _ l ( - ~  -- 1, n -- 1) = 

1 + E (min(d,  n - j )  - m i n ( d  - 1, n - 1 - j ) )  + min(d ,  n - m + 1). 
j = l  

Here each t e r m  in the  sum is a t  mos t  1~ thus  the  value of the  comple te  express ion is 

_< l + ( , ~ - 2 ) + ( n - , ~ + l ) = n ,  

which shows t h a t  the  r ight  side of (2.8) is a t  least  Gd(m,n) .  
Since Gd(m,n  ) is obvious ly  an increas ing  funct ion  of n, the  cor respond ing  

inequa l i ty  for (2.9) follows f rom t h a t  for (2.8). 
In  (2.10), in the  case m = n the  def ini t ion (1.4) does not  work  for Gd-1 (m, n - l )  

and  we mus t  use the  symmet ry .  We have then  

Gd(m,n)  - G d _ l ( m , n - -  1) = Gd(n,n)  - G d - l ( n - -  1,n)  

n--2  

= E (min(d,  n - j )  - m in (d  - 1, n - j ) )  + min(d ,  1) 
j = l  

< n - - l = m .  

Final ly ,  in (2.10) for m < n  we have 

m--1 

Gd(m, n) - G d _ l ( m  , n - 1) = 1 + E (rain(d,  n - j )  - m in (d  - 1, n - 1 - j ) )  < m.  
j = l  

This  comple tes  the  induc t ive  step.  | 

3. A construction 

We cons t ruc t  sets  for which IA+B I is smal l  and  prove T h e o r e m  2. Let  e l , . . . ,  ed 
be the  uni t  vectors  and  assume 1 < m < n, n_> d +  1. We pu t  

B =  {0el, d)el} U{e2,...,ed}. 

B is obvious ly  d d imens iona l  and  IBI = n .  
If  n - m _> d, we pu t  

A = - { O e l , l e l , . . . ~ ( m -  1)el} .  

This  set satisfies [A[ -- m.  The  set A + B  consists  of the  vectors  iel, 0 <_ i < n + m - d - 1  
and  the  vectors  iel + ej, 0 ~ i ~ m - 1, 2 < j _< d, consequent ly  

[A + B] = n +  d ( m -  1) = Gd(m,n) .  
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Now consider  the  case n - m = t < d. Wr i t e  t = d -  k and assume k < m.  Now A 
is defined by  

A = {0el ,  ] e l ,  ..., (Tlz - J~)el} U {e2, ..., ek}. 

This  set satisfies IAI = m  The  set A + B  consists  of the  vectors  iel ,  0 _ < i < 2 ( n - d ) ,  
the  vectors  iel +e j ,  O < i < n - d ,  2<_j <d, f inal ly ei +e j ,  2 < i , j  <_k, hence 

k(k - 1) 
I A + B  I = 2 ( n - d ) §  

d(d + 1) t(t  + 1) _ Gd(m ,n).  
= + 1) 2 2 

These  cons t ruc t ions  cover all pairs  m , n  except  those  l i s ted  in T h e o r e m  2. | 

Acknowledgement .  I a m  gra tefu l  to a referee for po in t ing  out  some inaccuracies  in 
the  first version. 
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